We study Hartree-Fock, Gutzwiller, Baeriswyl, and combined GutzwillerBaeriswyl wave functions for the exactly solvable one-dimensional 1/rHubbard model. We find that none of these variational wave functions is able to correctly reproduce the physics of the metal-to-insulator transition which occurs in the model for half-filled bands when the interaction strength equals the bandwidth. The many-particle problem to calculate the variational ground state energy for the Baeriswyl and combined Gutzwiller-Baeriswyl wave function is exactly solved for the 1/r-Hubbard model. The latter wave function becomes exact both for small and large interaction strength, but it incorrectly predicts the metal-to-insulator transition to happen at infinitely strong interactions. We conclude that neither Hartree-Fock nor Jastrow-type wave functions yield reliable predictions on zero temperature phase transitions in low-dimensional, i.e., charge-spin separated systems.
I. INTRODUCTION
Variational wave functions are often used to study ground state properties of quantum mechanical many-particle systems. Examples of approximate ground state wave functions for correlated Fermions are Hartree-Fock [1] , Gutzwiller [2] , local Ansatz [3] , and, in general, Jastrow-Feenberg wave functions [4] . One of the advantages of variational wave functions is the fact that they give an exact upper bound for the true ground state energy. Thus there is, at least in principle, a criterion to assess variational wave functions: the lower the variational ground state energy, i.e, the tighter the variational bound, the better the wave function ("energy criterion").
In practise, however, two major problems arise: (i) the energy might not be a good criterion for the "quality" of a wave function, i.e., a wave function might give a very good approximation for the ground state energy but it may still miss the ground state physics of the system under consideration. This issue can, however, only be addressed, if the exact solution of the corresponding Hamiltonian is known; (ii) the evaluation of correlated wave functions poses yet another quantum many-particle problem such that even seemingly simple wave functions (and their straightforward improvements) are not analytically tractable.
To deal with these two problems we focus on the exactly solvable one-dimensional 1/rHubbard model [5] . It describes spin-1/2 Fermions on a chain of L sites, hopping with longrange amplitude, t l,m = it(−1)
/L] is the chord distance between sites l and m on the chain closed into a ring (the lattice spacing a is set to unity). The hopping becomes t l,m → it/(l − m) in the thermodynamical limit L → ∞ for fixed distance (l − m) ("1/r-hopping"). The electrons interact through a local Hubbard [6] interaction, U, and the total 1/r-Hubbard Hamiltonian readŝ H =T + UD = 
For even L we choose antiperiodic boundary conditions, so that the resulting dispersion relation is linear in wave vector, namely, ǫ(k) = tk with k = ∆(m + 1/2) (∆ = 2π/L, m = −L/2, . . . , L/2 − 1). For U = 0 the Fermi sea is the ground state with all k-states from k = −π to k e F = π(n − 1) filled where n = (N ↑ + N ↓ )/L is the total particle density. For halffilling (n = 1) and U → ∞, the Hamiltonian (1) reduces to the spin-1/2 (1/r) 2 -Heisenberg or Haldane-Shastry model [7] . In the rest of the paper we will restrict ourselves to n ≤ 1.
The more than half-filled case can be obtained by particle-hole symmetry [8] .
The exact solution of the 1/r-Hubbard Hamiltonian was conjectured in Ref. [5] , and its physical properties were discussed in detail elsewhere [8] . The model displays a MottHubbard metal-to-insulator transition at half-filling when the interaction strength, U, equals the bandwidth, W = 2πt. This is in contrast to the one-dimensional Hubbard model which was exactly solved by Lieb and Wu [9] . There, the tight-binding cosine dispersion has a perfect nesting wave vector q = π such that ǫ tb (k) = −2t cos k = −ǫ tb (k + q). Consequently, the Hubbard model describes an insulating state for all U > 0 at half-filling. This metalto-insulator transition at U = 0 + for n = 1 is trivially reproduced in an antiferromagnetic
Hartree-Fock theory [1] . We therefore use the 1/r-Hubbard model to assess the quality of the Hartree-Fock approach for models without the perfect nesting property.
Another advantage of the 1/r-Hubbard model comes from the fact that we are able to calculate variational ground state energies for correlated wave functions without further approximations. Thus far, this was only achieved for the Gutzwiller wave function in one dimension [10] [11] [12] , or, for general Gutzwiller-correlated wave functions, in the limit of large dimensions [13] [14] [15] or large orbital degeneracies [16] . For the 1/r-Hubbard model we are able to derive the ground state energies for the Baeriswyl [17] and a combined GutzwillerBaeriswyl wave function.
The plan of the paper is as follows: in section II we diagonalize the antiferromagnetic Hartree-Fock Hamiltonian to obtain the Hartree-Fock ground state wave function and energy. In section III we introduce and evaluate the Gutzwiller-, Baeriswyl-, and GutzwillerBaeriswyl wave functions. We draw our conclusions on the quality of these variational approaches in section IV.
II. HARTREE FOCK APPROXIMATION
As usual [1] we factorize the interaction part of the Hamiltonian (1) aŝ
and allow for a sublattice magnetization m = | n l,↑ − n l,↓ |, alternating in sign on the odd/even lattice points of the A-B lattice. The particle density n = n l,↑ + n l,↓ remains uniform. Thus we may write
We introduce the new quasiparticle operatorsâ k,σ ,b k,σ within the magnetic Brillouin zone
and the inverse transformation readŝ
The band width of our model is W = 2πt, and the transformation angle φ k,σ fulfills
The operators are constructed such thatâ 
The Hartree-Fock charge gap is given by ∆µ
The corresponding ground state wave function reads
Finally, we obtain the particle densities for all temperatures T = 1/β as
where the Hartree-Fock chemical potential µ HF is obtained from the particle number
The self-consistency condition reads
This equation gives the magnetization as a function of temperature and interaction strength.
We note that the Hartree-Fock Hamiltonian (5a) will give a finite magnetization at finite temperatures, if m > 0 at T = 0. However, a phase transition from a paramagnetic to an antiferromagnetic phase at some finite Neél temperature does not happen in a onedimensional system [18] . This is one of the well-known shortcomings of the Hartree-Fock
Mean-Field approach to low-dimensional systems. Furthermore, it gives a T = 0 transition to a magnetic phase at a critical value U = U HF c (n) for all band-fillings because a finite magnetization is the only way to obtain a lower energy than the paramagnetic Hartree-Fock phase for large U/W . We thus restrict ourselves to the half-filled case (n = 1) where the Hartree-Fock approach gives the best results. For n < 1 the antiferromagnetic Hartree-Fock theory certainly fails to give the correct physical picture. 
Hence, Hartree-Fock predicts a transition from a paramagnetic metal to an antiferromagnetic insulator at U HF c (n = 1) = W/2, above which we have m = 1 − (U HF c /U) 2 with the typical mean-field exponent of one-half near the transition. The charge gap is ∆µ The Hartree-Fock variational ground state energy density at half-filling is given by e
which is compared in fig. 1 to the exact ground state energy
It is seen that Hartree-Fock, as an effective single-particle theory, fails to give any contribution to the correlation energy of order U 2 /W . There are no non-analytic contributions of the order exp(−W/U) for small U/W as expected for a Hamiltonian without the perfect nesting property.
At large U/W it gives the correct analytical behavior with a smaller prefactor. However, it also predicts a finite sublattice magnetization which is, of course, zero in the exact solution.
Furthermore, the Hartree-Fock gap is temperature dependent and one gets a transition from an antiferromagnetic insulator to a paramagnetic metal as function of temperature, if
The gap in the exact solution is temperature independent, and no transitions occur at finite T . Finally, the zero temperature transition itself in Hartree-Fock is driven by spincorrelations. This can be seen from the fact that one has a finite sublattice magnetization after the transition, and that the transition happens at all fillings. This is in contrast to the exact solution where the transition happens only at half-filling, and no magnetic ordering occurs. Hence, the transition in the 1/r-Hubbard model is driven by charge-correlations, just opposite to the physics of the Hartree-Fock approximation.
III. CORRELATED WAVE FUNCTIONS
We now focus on the correlated wave functions whose energy we want to evaluate. Our starting point is the Gutzwiller wave function [2] 
which starts from the Fermi-sea, the exact ground state for U = 0 (g = 1). For U > 0 double occupancies are less favorite because of the on-site repulsion in the Hamiltonian, eq. (1). To include this effect, double occupancies are suppressed by the Gutzwiller corre-
which globally reduces configurations with double occupancies in the Fermi-sea, if g < 1. Note that this correlator is regular for all 0 < g ≤ 1, i.e., |ψ G (g) describes a (correlated) metal as long as we do not project out all double occupancies. For g = 0 we alter the nature of the Fermi-sea because we not only suppress configurations with double occupancies but truly eliminate them with the help of the Gutzwiller projec-
A metal-to-insulator transition within this wave function can only be expected at halffilling, if the variational procedure gives g = 0 such that every site is singly occupied (for less than half-filling the remaining holes are still mobile and keep the state metallic).
Brinkman and Rice observed that such a transition ("Brinkman-Rice transition" [19, 20] 
This energy density is plotted in figure 1 in comparison to the Hartree-Fock and the exact result. Although the Gutzwiller Approximation is an uncontrolled approximation in any finite dimension, we obtain the interesting result that it predicts a metal-to-insulator transition at half-filling for a finite value U = U BR c = 2W . This transition is driven by charge-correlations only which is obvious from the fact that the ground state energy density in this approximation is zero beyond U BR c . It is thus seen that this approximation very accurately describes the physical mechanism of the metal-to-insulator transition in our one-dimensional model, despite the fact that it is not variationally controlled, and the variational estimate for the ground state energy density is poor for large U/W . In any finite dimension, the Brinkman-Rice transition will be shifted to U G c = ∞ where double occupancies are strictly forbidden by the Hubbard interaction. This has indeed been proven for the Gutzwiller wave function [21] .
It was only recently that one was able to go beyond the Gutzwiller Approximation to exactly evaluate the Gutzwiller wave function in one dimension [10, 11] . It was shown that the Gutzwiller wave function does not give a good ground state energy for the one-dimensional Hubbard model for large U/W due to poor correlations between double occupancies and holes [12] . On the other hand, the correlations between spins are excellent such that the Gutzwiller projected Fermi-sea is a very good trial state for the one-dimensional antiferro-magnetic Heisenberg model [22, 11, 12] . We will see below that these considerations remain valid for the 1/r-Hubbard model, eq. (1).
Baeriswyl [17] Obviously, it is necessary to go beyond Gutzwiller and Baeriswyl wave functions because neither of them is able to describe the metal-to-insulator transition of the 1/r-Hubbard model at U = W . Their natural generalization is the "Gutzwiller-Baeriswyl" wave function defined as
For b = 1 this wave function reduces to the Gutzwiller wave function (12) , and to the Baeriswyl wave function (13) for g = 0. We now have a two-parameter wave function which allows for the competition of the "kinetic" Baeriswyl correlator and the "potential"
Gutzwiller correlator. We might hope that this competition will result in a variational prediction of a metal-to-insulator at some finite critical value U GB c . We will see below that this is not the case. Instead, we again find U GB c = ∞ for the 1/r-Hubbard model.
We denote Ô = ψ GB |Ô|ψ GB / ψ GB |ψ GB . Details of the calculation are presented in appendix A. The final result for the expectation value of the kinetic energy is
and the mean double occupancy is given by
where
Before we proceed with the general case, we first discuss the special cases b = 1 (Gutzwiller wave function) and g = 0 (Baeriswyl wave function).
A. Gutzwiller wave function
We set b = 1 in eqs. (15), (16) , and obtain α(x; g) = [1 − x + g(1 + x)] /2, and β(x; g) = (g − 1) √ 1 − x 2 /2. After some straightforward manipulations one arrives at
A simple integration gives
As shown in appendix B these results completely agree with those obtained from a direct application of the methods developed in Refs. [10, 11] , and provides an independent check for the conjectured solution of the 1/r-Hubbard model in Ref. [5] .
To obtain the variational ground state energy density one has to minimize e It is clearly seen that g > 0 for all U < ∞ such that the variational prediction for the metal-to-insulator transition is U G c = ∞. It should be clear, however, that at least the physics of this transition is correct: it is due to charge correlations, magnetic ordering neither occurs nor is it necessary. Furthermore, the transition only happens at n = 1 as it should, and not for arbitrary electron density as in the case of Hartree-Fock theory.
B. Baeriswyl wave function
We know that the Gutzwiller- 
Comparing eqs. (18a) and (19a), and eqs. (18b) and (19b), we note that the mean kinetic energy and the mean double occupancy just change their roles when we go from the Gutzwiller wave function to the Baeriswyl wave function. However, this only happens in the highly symmetric 1/r-Hubbard model.
Form this equivalence it immediately follows that there is a metal-to-insulator transition
for n = 1 in the Baeriswyl wave function at U B c = 0 + , i.e., this wave function is insulating at half-filling for all U > 0. While for large U/W we obtain the exact result e
, the wave function gives only a poor estimate for the ground state energy density at small U/W . One obtains the Hartree contribution to first order, but there is, at halffilling, no contribution to second order in (U/W ) 2 . Instead, the correction is proportional to (U 2 /W ) ln(U/W ).
At least for the 1/r-Hubbard model we can thus conclude that it is as insufficient as the
Gutzwiller wave function in the opposite regime of its obvious applicability. This unsatisfactory behavior might in part be due to the special model. Unfortunately, this wave function cannot be evaluated for other Hamiltonians away from b < ∼ 1.
C. Gutzwiller-Baeriswyl wave function
For finite b and g, the Gutzwiller-Baeriswyl wave function represents a metallic state.
We first analyze whether we can have a metal-insulator transition at a finite value of U/W .
The integrals in eqs. (15) can be done analytically. To properly take care of possible singularities we write
with A(b, g) = (g − 1) We have to find out whether the variational procedure gives g = 0 at some finite U GB c . To this end we have to carefully analyze the limit g → 0. We can assume that b will not be unity because this would correspond to the case U GB c = ∞. In the limit g → 0 we first note
. Then, the combinations I (1) − I (2) and I (3) − I (2) stay finite, and actually are of the order g 2 ln g. Also, I (2) (b, g) ∼ ln g for small g. If we now expand e GB 0 (b, g) around g = 0, one finds
The first term in this expansion, e 1 (b) = ∂e
exists because all singularities at least of the order g 2 ln g. After some lengthy calculations we find
Close to the transition we can minimize eq. (22) with respect to g which gives
Thus we know g(b) as a function of b. We insert this into our expansion (22) and obtain
For given U/W we have to compare the minima of e 
The first term in the expansion in δb vanished by definition of the variational minimum. The Gutzwiller-Baeriswyl wave function becomes exact both for small and for large U/W , and it gives an excellent estimate for the exact ground state energy density. However, it still misses the metal-to-insulator transition in the 1/r-Hubbard model at U c = W .
IV. CONCLUSIONS
In this work we investigated variational approaches to the exactly solvable 1/r-Hubbard
Hamiltonian. We found a two-parameter trial state, the Gutzwiller-Baeriswyl wave function, which becomes exact in both the weak and strong-coupling limit, and gives an excellent upper In this representation the Fermi-sea reads
where we assumed an even particle number, and K F = π(2n − 1). To calculate the energy expectation value of the Gutzwiller-Baeriswyl wave function we only need to know howT andD act on the Fermi sea. From Ref. [5] we know that the kinetic energy operator can be split into two parts,
where λ K = sgn(K), and the prime on the sum inT The double occupancy operator is expressed by the two termŝ 
and forD
where a K = (2K + ∆)/(2π). The matrix ↔ D K,K+∆ has the eigenvalues zero and one.
We see that the problem of calculating expectation values T and D factorizes into independent 2 × 2 matrix problems. We obtain T =
Λ ← K,K+∆ is the transpose of the vector
with the "correlation matrix" (1 ↔ is the 2 × 2 unit matrix)
We thus get Λ
) and β(x; b, g) were defined in eqs. (16) .
Going from K < 0 to K > 0 we see that the two entries in Λ ← K,K+∆ are exchanged. The same happens to row and columns in the Hamilton matrix
we may drop the distinction between the two cases. It now is a straightforward task to evaluate eqs. (A5) in terms of α(x; b, g) and β(x; b, g). In the thermodynamical limit one easily arrives at eq. (15), if one takes into account that the primed sums give an extra factor of a half in front of the integral because only every second K-value has to be included.
APPENDIX B: ALTERNATIVE CALCULATION OF THE GROUND STATE ENERGY FOR THE GUTZWILLER WAVE FUNCTION
We want to directly calculate the ground state energy of the Gutzwiller wave function by using the methods of Vollhardt et al. [10, 11] . To this end we first shift the Fermi-sea of filled states between k = −π and k e F = π(n − 1) by (π − k e F )/2 to generate a symmetric Fermi body n k,σ . This transformation does not change the double occupancy operator. We may then directly apply all formulae of Refs. [10, 11] . For example, the formula for the average double occupancy d(g) agrees with eq. (18a). To obtain the average kinetic energy we have to calculate k,σ ǫ [k − (π − k e F )/2] n k,σ where n k,σ can recursively be obtained [10] . In our case we do not need such detailed information to calculate the average kinetic energy.
We take the lattice periodicity of our dispersion relation into account, and write
where we dropped the term −π<k<π,σ tk n k,σ = 0 which vanishes because the dispersion is antisymmetric but the shifted momentum distribution n k,σ is symmetric around k = 0.
The first k-sum in (B1) gives the total number of electrons while the second gives half the number of electrons outside the Fermi body, n out /2, for which a closed expression can be given [10] n out = 2
The average kinetic energy then indeed reduces to eq. (18b).
We will now show that the Gutzwiller wave function gives the exact ground state energy to order (U/W ) 2 . To this end we recall [5, 8] that the energy spectrum of the kinetic energy operator for fixed total momentum consists of equidistant levels, separated by W . The potential energy operator can be split into three parts:D 0 which commutes withT , andD ± which scatter eigenstates ofT such that the final state has a by W higher (lower) kinetic energy. To first order in U/W we can write the (non yet normalized) exact ground state as gives the exact ground state energy to order n 3 for all U/W . To this end, we recall that the exact ground state wave function for small densities is given by the Fermi sea and one particle-hole pair which is created by the action ofD + . For low densities only ladderdiagrams contribute which means that no further particle-hole pairs are created but only the existing one is scattered. This corresponds to the repeated action ofD 0 in the subspace of the same kinetic energy. This means that all eigenstates of the kinetic energy operator which correspond to one particle-hole pair retain the same phase factor. To first order in n we may replace all operatorsD 0 ,D ± byD. It is thus seen that the exact wave function to first order in n has the same states with one particle-hole pair as the Gutzwiller wave function.
In particular, these states have the same relative phases. Consequently, the Gutzwiller wave function is exact to the first non-trivial order in the density, and thus gives the exact ground state energy to order n 3 for all interaction strength U/W . The corresponding optimal value of g is g = 1/(1 + U/W ).
We see that lowest-order perturbation theory for the 1/r-Hubbard model is easily done because the Gutzwiller wave function becomes exact in this limit. 
